Ultrasonic superresolution images can be generated by means of (super) focusing acoustic beams to subwavelength dimensions or using algorithm-based methods.
Introduction
The spatial resolution of ultrasonic imaging systems is primarily restricted by the diffraction limit (i.e., beam focusing in a disk roughly with one wavelength diameter) [1] . This effect thwarts subwavelength focusing at a given frequency. A finer resolution can be achieved by increasing the frequency at the expense of less ultrasound penetration due to absorption and also a high-cost electronics.
Different methods have overcome the ultrasonic diffraction limit. Notably, harmonic generation was used to make images at a doubled frequency, which means an improvement of 100% is the spatial resolution [2, 3] . Nonlinear ultrasonic wave mixing forms images at the difference-frequency with the fundamental high-frequency resolution [4, 5, 6] . Also, the nonlinear wave interaction gives rise to a sum-frequency component (i.e., the sum of the fundamental frequencies) that can be used to form superresolution images [7] . Another approach uses the time-reversal wave phenomenon to focus an ultrasound beam [8] . Lenses made of a phononic crystal [9] and metamaterial [10] also showed promising results on focusing ultrasonic beams beyond the diffraction limit. By using ultra-fast aquisitions based on plane wave transmissions at the rate of a thousand frames per second, the image of ultrasound contrast agents (microbubbles) in echography surpassed the diffraction limit by more than a tenfold [11] . Algorithm-based methods that aim at reducing the dependence of resolution on pulse shape and width can also produce superresolution images [12, 13] . Despite early success, these approaches may involve complex material engineering, low efficiency, or intense signal processing algorithms. Desirably, superresolution methods should have scalability varying with the wavelength with relatively simple electronics to find practical applications in biomedical imaging, nondestructive testing, and acoustic microscopy.
Recently, it has been experimentally demonstrated that a polymer ballshaped lens can focus an ultrasonic beam beyond the diffraction limit [14] . The beam width can be even smaller than half-wavelength with a depth-of-field of few wavelengths. The focal region takes place in the lens shadow region, which is centered at one wavelength (or more) away from the lens, and the resulting wave is non-evanescent. Some preliminary numerical results on ball lens superfocusing have been investigated in Ref. [15] . Superresolution was also achieved by employing a cylindrical-shaped lens [16] . These features are particularly suitable for enhancing the imaging performance of ultrasonic systems.
We present here a superresolution ultrasonic (SU) imaging system based on the ball lens focusing method. The system is designed to operate in the pulseecho mode and to form C-scan images. We show that the SU system has a superior resolution and depth-of-field compared to an ultrasonic system, which utilizes a spherically focused transducer.
Methods and materials

Superresolution image formation
Consider ultrasonic waves propagating in a homogeneous non-viscous fluid of density ρ 0 and speed of sound c 0 . The acoustic pressure is described at position r, concerning the coordinate system set in the right-hand pole of the ball lens (see Fig. 1 ), and time t.
We assume that the active surface of the transducer vibrates uniformly with normal velocity denoted by v n . For a linear and time invariant system, the transmitted pressure reads [17] 
where ∂ t is time derivative, h is the spatial impulse response of the transducer and asterisk means convolution in time-see Eq. (A.4). The vibration velocity is expressed by v n (t) = v exc (t) * e tr (t),
where v exc (t) is the excitation voltage and e tr (t) is the electromechanical impulse response of the transducer in the transmitting mode. The lens focuses the transmitted pressure through a scattering process [14] . In turn, ultrasound scattering can be model as a linear and shift-invariant system. The incident pressure p in to a target object can be expressed as the spatial convolution-see Eq. (A.5)-between the transmitted pressure by the transducer and the lens spatial response function h lens , p in (r, t) = p tr (r, t) h lens (r).
(
The backscattered pressure by the target is given by [18] p sc (r, t) = p in (r, t) f (r),
with f being the object's function. The scattered wave is also focused by the lens yielding the pressure to be received by the transducer,
The signal in the transducer terminals is described by [17] 
where e rec (t) is the electromechanical impulse response of the transducer in the receiving mode. Substituting Eqs.
(2)-(5) into this equation yields
Equation (7a) has a similar structure of Eq. (45) in Ref. [18] , which describes a conventional ultrasonic pulse-echo system. The spatial impulse function of the SU system g(r, t) accounts for diffraction effects of the transducer and lens.
The pulse-echo wavelet v pe (t) includes the voltage excitation and the transducer electromechanical impulse response. According to Eqs. (A.2), (A.3) and (A.8), the detected signal can be expressed in the frequency-domain as
Hereafter, an uppercase function denotes the Fourier transform of its corresponding time-domain counterpart. From Eq. (3), we see that the incident pressure in the frequency-domain is
Combining Eqs. (8) and (9) results
where
The SU imaging system is considered as a spatially invariant system. The image formation is then described by the point spread function (PSF). This function describes how what should be a point target is spread out by diffraction. We determine the PSF by assuming that the object function is a Dirac delta distribution f (r) = δ(r − r).
Substituting this function into Eq. (10) and following Eq. (A.7), we find the detected signal of a point target as
The SU PSF can be defined as the detected signal at the focal plane (z = z 0 ) divided by the same signal in the focus point both at the center-frequency
Here we have also used Eq. (12) . Finally, the image of an object is given by
where f (x, y) is the 2D object function and n(x, y) is the system noise. Albeit after determining the PSF the SU images can be further enhanced by deconvolution algorithms [19] , the proposed method is not an algorithm-based technique [20] . We shall compare the superresolution method with conventional ultrasonic (CU) technique that employs a spherically focused transducer. The spatial resolution of the CU system is defined as the beam intensity at full width at half maximum (FWHM) [1] ,
where N is the transducer f-number. The CU depth-of-field is described as the full depth at half maximum (FDHM) of the axial beam intensity [1] ,
Finite element simulations
We now explain how to obtain the system PSF with numerical simulations. The incident pressure p in is computed in time-domain using the finite element method in Comsol Software (Comsol Inc., USA). We also assume that the transducer is a circular rigid piston with the normal vibration velocity given by a Gaussian vibration packet,
where v 0 is the oscillation amplitude, ∆t and t c are the pulse width and time delay, respectively. The pressure P in is calculated via the fast Fourier transform algorithm. The PSF is then computed through Eq. (13) . The simulation domain and mesh are described in Fig. 2 . The propagation medium is water, which is assumed to be an inviscid fluid. The ball lens is made of rexolite polymer. In the simulations, we used the Transient Pressure Acoustics and Solid Table 1 .
We have performed the mesh convergence analysis for the simulated superresolution system. The two parameters in this analysis are the full width at half maximum (FWHM) and full depth at half maximum (FDHM). We computed the relative error of these parameters by varying the mesh element size λ 0 /n, for which n = 5, 7, 9, 11. The relative error is defined as
where x n = FWHM, FDHM with the corresponding number of points per sampling wavelength. The correct value in the error computation is assumed to be x 11 . For n = 9 the errors are below 0.5 %. 
Superresolution ultrasonic system
The SU imaging system is depicted in Fig. 1 . It is composed of a circular flat transducer (ISG014SM, NdtXducer LCC, USA), with a diameter of 12 mm and center frequency of ω 0 /2π = 1 MHz. A ball-shaped lens made of rexolite with a 12.2 mm-diameter is suspended at d = 120 mm away from the transducer active element along its central axis. At this distance, the incident beam intensity from the transducer reaches its maximum. Rexolite material was chosen due to its low attenuation and acoustic impedance close to water. These parameters are chosen to attain a spatial resolution close to half-wavelength and a depth-of-field of few wavelengths [14] . The experimental apparatus is immersed in a water tank with dimensions of 109 cm (L) × 54 cm (W) × 57 cm (H). The characteristic wavelength of a pulse is λ 0 = 1.53 mm. The transducer is driven by a pulse/receiver (DPR300, JSR Ultrasonics, USA) with negative spike pulses (excitation voltage of 200 V, damping of 333 Ω, the energy of 16 mJ, and repetition frequency of 100 Hz). The emitted pulse is focused in the shadow region of the lens at z = z 0 = 1.04λ 0 = 1.6 mm. This defines the imaging plane of the system. The peak pressure in the system focus of 7.6 kPa was measured by a 0.2 mm needle hydrophone (NH0200, Precision Acoustics, UK). The backscattered pressure by a target object is re-focused by the ball lens and acquired by the transducer. The corresponding signal is pre-processed with a low-pass filter (3 MHz-cutoff frequency and 43 dB-gain), digitized by a 12-bit A/D converter with 60 MSample/s (PCI-5105, National Instruments, USA), and gated in a 4 µs-time window. The image pixel corresponds to the magnitude of the acquired signal in the frequency-domain at 1 MHz. The SU beam raster-scans the object in steps of 150 µm that is much smaller than the wavelength.
A typical echo signal measured as the response to a point target (e.g., the tip of a needle with a 125 µm-diameter) placed at the system focus (0, 0, 1.6 mm) is shown in Fig. 4, panel (a) . The Fourier transform of the gated echo at a 4 µs-window is depicted in panel (b).
Results and discussion
In Fig. 5 , we show images of letters 'PSF' made of thin wires with a 0.5 mmdiameter: panel (a), (b), and (c) show, respectively, the SU, conventional ultrasonic (CU), and photography. The CU system is based on a spherically focused transducer with a diameter of 45 mm, 50 mm-focal distance (image plane), and f-number N = 1.11. The transducer operates in the pulse-echo mode at 1 MHz. The same electronic hardware and signal processing are used for both the SU and CU systems. The SU and CU images have 100 × 100 pixels. These images differ in several important ways. The letters can be seen in the SU image, while they are not recognized in the CU image. The horizontal bar is shown in panel (c) is placed 0.5 mm in front of the vertical wires. The bar is visible in the CU image, whereas it is not seen in the SU image. Moreover, the SU and CU images have dynamic range of 30 dB and 16 dB, respectively.
In Fig. 6 , we compare the numerical simulation and experimental results. The physical parameters used in the numerical simulation are summarized in Table 1 . The target object is the tip of a needle with a diameter of 125 µm, which is much smaller than the characteristic wavelength λ 0 = 1.53 mm. Panel (a) shows the SU PSF. The FWHM of the experimental and numerical PSF are 0.6λ 0 = 0.91 mm and 0.5λ 0 = 0.76 mm, respectively. From Eq. (15) , we see that the FWHM of the CU system is 1.13λ 0 = 1.70 mm. Panel (b) illustrates the depth-of-field of the SU system. We see then that the experimental and numerical FDHM are 2λ 0 = 3.06 mm and 2.13λ 0 = 3.27 mm, respectively. Referring to Eq. (16), the experimental FDHM is four times smaller than the CU FDHM. We have also numerically calculated the focusing gain of the lens (i.e., the ratio in dB of the pressure at focus to transmitted pressure at z = −12 mm) to be 13 dB. For comparison, the theoretical gain of the CU system is 26 dB [1] .
In Fig. 7 , panel (a) displays the experimental depth-of-field image of the SU system. The PSF image is presented in panel (b). Moreover, the ultrasonic pulse propagation is illustrated by the video in the Supplementary material. The propagating pressure and axial component stress tensor are shown outside and inside the lens, respectively. It is worth noticing the pulse build-up inside the lens due to the focusing effect. Subsequently, the pulse is transmitted into the surrounding liquid. A rigid sphere of diameter λ 0 is placed at the system focus. The sphere scatters the incident pulse, and the echo propagates backwardly towards the transducer.
In respect to the features mentioned above, superfocused beams can be used in ultrasound biomicroscope (UBM) that is employed in ophthalmic imaging [21] . While this technology requires a frequency above 35 MHz, the superfocusing method would need half of that frequency to produce images with similar lateral resolution. For instance, consider a superresolution system with frequency of 25 MHz, wavelength of λ 0 = 60 µm, and lens diameter of 20λ 0 = 1.2 mm. According to [14] , this systen achieves a lateral resolution of 0.6λ 0 = 36 µm, depth-of-field of 6.5λ 0 = 390 µm, and focal distance of 7λ 0 = 420 µm. These parameters are compatible with those of a UBM with a 50 MHz-center frequency [21] . The obtained depth-of-field makes the superfocused system more suitable for C-scan images.
The main limitations of the SU method using a ball lens is having a relatively low contrast (dynamic range of 30 dB) and a fixed focus. Post-processing amplification and improving focus gain by the lens may increase the dynamic range. The beam steering of the SU system has to be done mechanically. Combining electronic beam steering with the proposed method is yet to be developed.
Summary and conclusions
In summary, we have introduced a superresolution ultrasonic (SU) imaging system composed of a circular flat transducer and a ball-shaped lens. Excellent agreement is found between numerical simulations of the system PSF and experimental data. The SU system has nearly a half-wavelength (0.6λ 0 ) spatial resolution. The images are formed in the nearfield at 1.04λ 0 away from the lens with a depth-of-field of 2λ 0 . These features add substantial improvements to SU images compared with conventional ultrasonic systems, i.e., higher resolution and sharper focusing.
The SU method may find fruitful applications for diagnostic imaging of skin and eye, which requires shallow image scanning, and detecting near-surface flaws in materials. Also, this method might be suitable for enhancing acoustic microscopy resolution while keeping the same operational frequency and electronic hardware. where ω is angular frequency. The inverse Fourier transform reads
The Fourier transform of a time derivative of a function is given by
The convolution in time between two functions g 1 and g 2 is defined as
While the spatial convolution between two functions of configuration space g 1 (r) and g 2 (r) is expressed by
where dV is the volume element. In the xy-plane, the convolution is reduced to
The convolution between a function g(r) and the Dirac delta distribution δ(r) results g(r) δ(r) = g(r).
(A.7)
The Fourier transform of a convolution in time of two functions is given by F [g 1 (t) * g 2 (t)] = F [g 1 (t)] F [g 2 (t)] = G 1 (ω)G 2 (ω). (A.8)
